Under consideration of coordinate conditions, we get the Schwarzschild-Beltramide Sitter (S-BdS) metric solution of the Einstein field equations with a cosmological constant Λ. A brief review to the de Sitter invariant special relativity (dS-SR), and de Sitter general relativity (dS-GR, or GR with a Λ) is presented. The Beltrami metric B µν provides inertial reference frame for the dS-spacetime. By examining the Schwarzschild-de Sitter (S-dS) metric g
µν existed in literatures since 1918, we find that the existed S-dS metric g (M ) µν describes some mixing effects of gravity and inertial-force, instead of a pure gravity effect arisen from "solar mass" M in dS-GR. In this paper, we solve the vacuum Einstein equation of dS-GR, with the requirement of gravity-free metric g (M ) µν | M →0 = B µν . In this way we find S-BdS solution of dS-GR, written in inertial Beltrami coordinates. This is a new form of S-dS metric. Its physical meaning and possible applications are discussed.
Introduction
Discussions to de Sitter(dS) spacetimes have attracted much interests recently. The reasons are multiple. Two of them are: (1) The recent observations in cosmology show that our universe is in accelerated expansion (see, e.g., [1] and references within), which implies that the universe is probably asymptotically dS spacetime with positive cosmological constant Λ; (2) Just as weakening the fifth axiom leads to non-Euclidean geometry, giving up Einstein's Euclidean assumption on the rest rigid ruler and clock in special relativity leads to other kind of Special Relativity (SR) on the dS-spacetime with dS-radius R [2, 3, 4, 5, 6, 7, 8, 9, 10, 11] . We call it dS-SR. Localizing the spacetime symmetry in inertial frames of dS-SR, we can reach gravitational field theory with a cosmological constant Λ ≡ 3/R 2 [10, 11] . Such theory is just de Sitter General Relativity (dS-GR) with Λ. In this paper we try to solve the equation of dS-GR in vacuum, and discuss Schwarzschild-de Sitter metric in inertial Beltrami spacetime coordinates.
1
Existence of inertial coordinate system is the foundation of special relativity. And existence of local inertial coordinate system is one of GR-principles. What we say the inertial coordinate system here is that in which the inertial motion law for free particles holds. Namely, in a maximally symmetric spacetime with a specific metric g µν , if the free particle motion is inertial, we could call such sort of g µν inertial metric. There are two inertial metrics: Minkowski spacetime metric η µν = diag{1, −1, −1, −1}, and Beltrami metric (see Appendix Eq.(60)). It is easy to check η µν is inertial. The Landau-Lifshitz action [12] for free particle with mass m 0 in Minkowski spacetime is:
and then
From δA = 0 (the least action principle, or the free-particle motion law along geodesic line), the equation of motion of the particle reads d dt
and thenẋ = constant. We conclude that the the inertial motion law for free particle holds in Minkowski spacetime, and metric η µν is inertial. Similarly, it can also be proved that the Betrami metric B µν (x) is also inertial via straightforward calculations (see Appendix: Eqs. (66)- (80)). The fact that B µν (x) is inertial led to the discovery of de Sitter invariant special relativity [2, 3, 8] . Physically, it is useful and meaningful to find out GR-solutions for empty spacetime, which approach to the metric of the inertial system when the gravity vanishes. A typical example is usual Schwarzschild solution of GR without Λ. To empty spacetime with T µν = 0, the Einstein equation reads
where R µν is Ricci tensor. The Schwarzschild solution of (4) in spherical space coordinates r, θ, φ is
1 See Appendix, the Beltrami coordinate system is defined by the ratio of two homogeneous coordinates (say, x µ = Rξ µ /ξ 5 ) when the de Sitter spacetime, as a hypersurface, is embedded in a homogeneous spacetime spanned by ξ A , A = {0, 1, 2, 3, 5}.
where M is "solar" mass. It is essential that when M → 0, the Schwarzschild metric approaches Minkowski (Mink) metric, which provides inertial reference frames. Explicitly, when M → 0, from (4), we have
(Note, in Cartesian space coordinates {x 1 , x 2 , x 3 }, ds 2 M ink = η µν dx µ dx ν where {η µν } = diag{1, −1, −1, −1} and x 0 = ct. η µν is a solution of (4)). This fact indicates that when the gravity disappears, the spacetime becomes Minkowski's. Thanks to this outstanding property, one can use the Schwarzschild metric to achieve the calculations of effects such as the motion in a centrally symmetric gravitational field to verify GR (see, e.g., [12] , pp.306).
From the above we learned that the Schwarzschild solution structures in GR rely on two essential properties: (a) the metric satisfies the Einstein equation in empty spacetime with T µν = 0; (b) when the gravity disappear due to M → 0, the metric tends to empty spacetimemetric of inertial coordinate system. To dS-GR (or GR with a cosmologic constant Λ, see Eq.(16) in below), differing from (4), the corresponding Einstein field equations for empty spacetime are
which will be derived below (see Eq. (20)). Obviously η µν is no longer the solution of (7). We should find a metric which satisfies (7), and meanwhile the motion of free particle in the spacetime with this metric is inertial. In [11] , we have obtained the solution of this problem: (see also Appendix A)
where
is called Beltrami metric. We also call both η µν and B µν (x) inertial metrics. The SR based on η µν is usual Einstein SR (E-SR), and the one based on B µν (x) is dS-SR. In this case, one may ask what is the Schwarzschild-de Sitter metric of dS-GR written in inertial Beltrami coordinates? Namely, a metric satisfies both (7) and the requirement that when the gravity disappears (corresponding to "solar mass" M → 0) it tends to Beltrami metric B µν (x). In general relativity, a suitable choice of the coordinate system is often useful to solve actual problems or make actual predictions. Similarly, the metric within asymptotic inertial Beltrami-spacetime frame is a new and useful metric. We call such metricSchwarzschild-de Sitter metric in inertial Beltrami coordinates, or Schwarzschild-Beltrami-de Sitter metric. The aim of this paper is to solve this problem.
The paper is organized as follows. In section 2, we briefly review the dS-SR, and construct dS-GR via localizing the global dS spacetime symmetry in dS-SR. We show that Beltrami metric plays an essential role for charactering the inertial systems of dS spacetime; In section 3, we reexamine the old Schwarzschild-de Sitter metric existed in literatures since 1918, and show that it contains both effects of gravity and effects of non-inertial forces. After that we solve the vacuum Einstein equation of dS-GR under the requirement that the metric must purely reflect gravity effect. In other words, our new solution is Schwarzschild-de Sitter metric in inertial Beltrami coordinates. In section 4, we sum up the main point of this paper and briefly discuss the physical meaning of our new solution presented in the paper. In Appendix A, more interpretations on Beltrami metrics and dS-SR are presented.
2 de Sitter Special Relativity, de Sitter General Relativity and Beltrami Metric
We start with a brief review to de Sitter Special Relativity (dS-SR) and de Sitter General Relativity (dS-GR). The Lagrangian for a free particle in dS-SR has been shown in [8] : (see Appendix A)
with constant R the radius of the pseudo-sphere in dS-space which is related to the cosmological constant via R = 3/Λ. The Euler-Lagrangian equation reads
Substituting (9) into the Euler-Lagrangian equation (11) and after a long but straightforward calculation, we obtain [8] (see Appendix A)
This result indicates that the free particle in the Beltrami space-time B ≡ {x µ , g µν (x) = B µν (x)} moves along straight line and with constant coordinate velocities. Namely the inertial motion law for free particles holds true in the space-time B, and hence the inertial reference frame can be set in B (see Appendix A). The coordinates, which would be used for both dS-SR and dS-GR, are the inertial Beltrami coordinates {x µ }. When we transform from one initial Beltrami frame x µ to another Beltrami framex µ with the origin of the new frame a µ in the original frame, the transformations between them with 10 parameters are as follows
Under this transformation, the metric B µν is preserved [8] :
The ten parameters in (13) are 4 space-time transition parameters a µ , 3 boost parameters β i and 3 space rotation parameters α i (Euler angles). They are constants and space-time independent. Therefore the dS-SR transformations (13) are global. According to the gauge principle, the localization of global symmetry will yield gauge field theory. As is well known that the external spacetime gauge theory is gravitational field theory [13, 14] . Like to localize the global Poincaré (or inhomogeneous Lorentz) group transformation, the global transformation of (13) 
. Thus, localized transformation of (13) reads
where f µ (x) are four arbitrary functions of x. Hence, (15) represents a general spacetime coordinates transformation, or curvilinear coordinates transformation. Assuming the spacetime is torsion-free just like Einstein did in GR, the affine connection here is also Christoffel symbol: Γ λ µν = Γ λ νµ . Now let us determine the action of gravity fields
time, where G(x) is a scalar. To determine G(x) we should also consider the fact that the equation of the gravitational field must contain derivatives of the "potentials" (i.e., g µν (x)) no higher than the second order (just as is the case for the electromagnetic field). From the Riemann geometry, it is found that only R and trivial constant Λ ≡ constant satisfies all requirements. Therefore, G(x) = a(R − 2Λ) where a is also a constant. In Gaussian system of units, a = −c 3 /(16πG) where G = 6.67 × 10 −8 cm 3 · gm −1 · sec −2 is the universal gravitational constant. Thus we obtain the action of gauge gravity in empty spacetime:
From δS G = 0, we obtain
dS-SR tells us that to empty spacetime the metric must be Beltrami metric (10) . Namely, one solution of (17) is required to be g µν = B µν . Then the value of constant Λ is determined to be
and (17) becomes
This is the basic equation of the dS-GR in empty spacetime, which is different from the usual GR's (see (4)).
3 Schwarzschild-de Sitter solution of dS-GR in Inertial Beltrami Coordinates
Schwarzschild-de Sitter solution in non-inertial system
The simplest vacuum solution of Einstein's equation with a positive cosmological constant were derived by Kottler (1918) , Weyl(1919) , Trefftz (1922) [15] . It is actually a spherical Schwarzchild-de Sitter solution of dS-GR. We call that solution S-dS metric, which is [15] :
where M is "solar" mass, and {x µ N } = {ct N , r N , θ N , φ N } (subindex N is short for Noninertial system, which will be proved below) represent the S-dS spacetime coordinates. When M → 0, we get empty de Sitter spacetime metric:
Let us explore the question whether the empty de Sitter spacetime metric g
µν is a metric of spacetime with inertial frame or not. Namely, we should pursue whether the motion of free particles in de Sitter spacetime with metric g (0)
µν is inertial or not. For this, we consider the expression of g 
Note there is no boost in {x µ N → y µ }, so it is not a transformation between reference systems. g
µν (y) is nothing, but only a variable change. Comparing (23) with (10), we find:
This fact indicates that g
µν (y) is generally not a spacetime metric of inertial reference systems. In other words, the coordinates {y µ } are not an inertial coordinate system. To be more concrete, let's see the motion of free particle in S-dS spacetime. The Landau-Lifshitz Lagrangian L N (y i ,ẏ i ) for a free particle in S-dS is
Substituting (25) into (26), we can easily obtain the equation of motion f (ÿ i ,ẏ i , y i ) = 0. For our purpose, an explicit consideration of one-dimensional motion of the particle is enough. Namely, setting y 2 = y 3 = 0 and ignoring the motion of j, k directions, the equation of motion f (ÿ i ,ẏ i , y i ) = 0 becomes:
This
µν (x N ) is not a metric of spacetime within inertial reference systems. Or, in short, g (0)
µν (x N ) is non-inertial.
Coordinate transformation between non-inertial and inertial systems
We have shown in the above that the Schwartzschild-de Sitter metric g
µν (x N ) within asymptotically non-inertial framework described by g (0)
µν (x N ) has been derived by [15] from
It has been addressed in last subsection that g
µν (x N ) is non-inertial. It is meaningful to find the S-dS metric within asymptotic inertial spacetime frame. Namely, we should solve the equation as follows
Here, we use
µν (x) to denote new S-dS metric with non-zero "solar mass" M, which is called Schwarzschild-Beltrami-de Sitter metric hereafter, or S-BdS metric in short. The equation of (31) means that B g
(M )
µν (x) must satisfy the requirement that the empty spacetime metric (i.e., the metric B g
µν (x)) is inertial. This condition ensures B g
µν (x) to be desired new S-dS metric within inertial Beltrami coordinates.
Since all of g
µν (x N ) and B g
µν (x) ≡ B µν (x) have already been known, the reference system transformation T between spacetimes {x µ N } ≡ {ct N , r N , θ N , φ N } and {x µ } ≡ {ct, r, θ, φ} can be derived from the tensor-transformation properties of g
µν (x N ) and B µν (x) (see (36) below). Then the desired result of B g
µν (x) will be determined by means of
T . We sketch the logic in following diagram (32).
µν (x N )
µν (x)
Now let us derive the reference system transformation T between spacetimes {x µ N } and {x µ }. In spherical coordinates, and from equations (22) and (10) we have
where σ =
, and the following spherical coordinates expression of Beltrami metric has been used:
where subindex Bel means Beltrami. Under reference system transformation between {x µ N } and {x µ } the transformation from g
αβ (x N ) to B µν (x) reads
which can be rewritten in matrix form,
where matrices B ≡ {B µν (x)},
∂x ν }, and T ′ is the transpose of the matrix T .
To simplify the problem, we assume T has the form of
Then from (37) we have , let
the first three equations of (39) can be reduced to
− (
The solution is
From (44) (note 1 −
R 2 ), and r
we get a special solution of the coordinate transformation between non-inertial and inertial systems
From (46),
Finally, we get a coordinate transformation to inertial spacetime frame
It's consistant with [3] .
Schwarzschild-Beltrami-de Sitter Metric
Under the transformation T of equations (50)−(53), the S-dS metric (21) transforms to S-BdS metric:
Substituting (50)− (53) into (54), we finally obtain the desired S-BdS metric as follows
This is a new metric of dS-GR, and serves as main result of this paper. It is a metric written in inertial Beltrami coordinates. It is straightforward to check that it satisfies the Einstein field equation of dS-GR in empty spacetime, (19). It is also easy to see that when R → ∞,
µν (x) of (55) coincides with Schwarzschild metric of (5); when M → 0, it coincides with Beltrami metric of (35); and when R → ∞ and M → 0, it goes back to Minkowski metric of (6).
Summary and Discussion
In this paper we start with a brief review to the de Sitter invariant special relativity (dS-SR), and construct de Sitter general relativity (dS-GR) via localizing the global de Sitter spacetime symmetry, which is equivalent to the GR with a cosmology constant Λ = 3/R 2 . We emphasized that the Beltrami metric B µν in corresponding Beltrami coordinates plays an essential role to characterize the dS-spacetime with inertial reference frames in both dS-SR and dS-GR. Namely the motions of free particles in Beltrami coordinates are inertial (i.e., along straight or say geodesic line with uniform velocity). Existence of inertial reference systems is the foundation of special relativity. And existence of local inertial reference systems is one of GR-principles. Physically, it is useful and meaningful to find out GRsolutions for empty spacetime, which approach to the metric of the inertial system when the gravity vanishes.
After reexamining the Schwarzschild-de Sitter (S-dS) metric g
µν existed in literatures sine 1918, we find that when the gravity arisen from "solar mass" M from g
µν is not equal to the Beltrami metric B µν , and then the motion of a free particle in g
µν −spacetime is non-inertial, or violates the so called inertial motion law. This means that the existed S-dS metric g
µν describes some mixing effects of gravity and inertial-force, instead of a purely gravity effect arisen from "solar mass" M. As is well known that, in appropriate local inertial Minkowski spacetime coordinates in which the inertial motion law holds, the ordinary Schwarzschild metric in usual GR is a description of pure gravities due to M. Generally, the predictions in inertial reference systems play essential role to clarify the corresponding physics conceptually. Almost all valuable predictions for experiments in particle physics, for instance, are formulated in expressions in inertial systems. In GR, the remarkable calculations of the motion of a planet in the gravitational field of the Sun, and of the bent of the light ray under the influence of the gravity of the Sun, and etc are achieved in terms of Schwarzschild metric which is just a GR-prediction in inertial framework. Therefore, it is necessary and useful to find out the Schwarzschild-de Sitter metric written in inertial Beltrami coordinates in dS-GR, or in short
µν (x). We provide the result as in (55). This is the main result of this paper. We would like to mention that if parameter R is finite (instead of infinite), both the motion of a planet in the gravitational field of the Sun and the bent of the light ray under the influence of the Sun will have to use B g (M )
µν (x) to do such calculations. This project is in progress [16] . In addition, the dS-black hole physics should also be based on B g
µν (x) instead of the former g
µν (x N ). However, it goes beyond the scope of this paper, and remains to be open at present stage.
Finally, we would like to mention that B g
µν (x) is a time dependent metric. Since such a dependence is via a ratio of c 2 t 2 /R 2 , and R is a cosmologic huge length scale [1] 
A Beltrami Metric and de Sitter Invariant Special Relativity
In this Appendix we present some explicit calculations related to de Sitter invariant Special Relativity (dS-SR), and some interpretations to reference [8] .
Beltrami metric:
We derive the expression of Beltrami metric (10) in the text. We consider a 4-dimensional pseudo-sphere (or hyperboloid) S Λ embedded in a 5-dimensional Minkowski spacetime with metric η AB = diag(1, −1, −1, −1, −1):
where index A, B = {0, 1, 2, 3, 5}, R 2 := 3Λ −1 and Λ is the cosmological constant. S Λ is also called de Sitter pseudo-spherical surface with radii R. Defining 
and treating x µ are Cartesian-type coordinates of a 4-dimensional spacetime with metric g µν (x) ≡ B µν (x), denoting this 4-dimensional spacetime as B Λ (call it Beltrami spacetime), we derive B µν (x) by means of the geodesic projection of {S Λ → B Λ } (see Figure 1) . From the definition (56), we have Since ξ A,B ∈ S Λ , and from (57) and (56), it is easy to obtain:
Substituting them into Eq.(58), we have
Then, we obtain the Beltrami metric as follows
2. Inertial reference coordinates and principle of relativity:
The first Newtonian law is the foundation of the relativity. This law claims that the free particle moves with uniform velocity and along straight line. There exist systems of reference in which the first Newtonian motion law holds. Such reference systems are defined to be inertial. And the Newtonian motion law is always called the inertial moving law. If two reference systems move uniformly relative to each other, and if one of them is an inertial system, then clearly the other is also inertial. Experiment, e.g., the observations in the Galileo-boat which moves uniformly, shows that the so-called principle of relativity is valid. According to this principle all the law of nature are identical in all inertial systems of reference.
Theorem 1: The motion of particle with mass m 0 and described by the following Lagrangian
satisfy the first Newtonian motion law, or the motion is inertial. In (61), the Cartesian expression of the velocity is as follows v ≡ẋ, and
Proof: By means of the Euler-Lagrangian equation
(where ∂/∂x ≡ ∇ := (∂/∂x 1 )i + (∂/∂x 2 )j + (∂/∂x 3 )k and etc) and L = L N ewton we obtainẍ
Theorem 2: The motion of particle in Minkowski spacetime described by
is inertial.
The proof is the same as above, because both L N ewton and L Einstein are coordinates x i -independent. Generally, any x-free and time t-free Lagrangian functions L(ẋ) can always reach the result of (64). However, when Lagrangian function is time-dependent that rule will become invalid. A useful example is as follows: 
where a constant Λ = 0. The stick-to-itive readers can verify the following identity via straightforward calculations from (66):
Noting that the Euler-Lagrange equation (63) reads
and substituting (67) to (68), we have ẍ · ∂ ∂ẋ
Since ∂ ∂ẋ
we haveẍ = 0,ẋ = v = constant,
which indicates that the particle motion described by Lagrangian function (66) is inertial, and the first Newton motion law holds. Thus, the corresponding inertial reference systems can be built. Noting
it is essential and remarkable that a new kind of Special Relativity based on L Λ (66) serving as an extension of the Einstein's Special Relativity (E-SR) may exist.
de Sitter invariant Special Relativity (dS-SR):
Following the Landau-Lifshitz formulation of Lagrangian [12] (see (65)), we examine the motion of free particle in the spacetime with Beltrami metric (60). From Eq. (9) in text
we derive its expression in Cartesian coordinates. Setting up the time t = x 0 /c, B µν (x) can be rewritten as follows
Substituting eqs.(74)-(77) into (73), we obtain the Lagrangian for free particle in B Λ :
By using Cartesian notations (62) and expressions of (59) (75) (76) (77), the explicit expression of Lagrangian (78) is: 
where x 2 = (x · x). Noting Eq.(18) in text, R 2 = 3/Λ, and comparing L dS with L Λ (t, x,ẋ) of (66), we find
